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In this work, we evaluate the accuracy of the leading order results in Shifman-Vainshtein-
Zakharov (SVZ) sum rules and the leading power results in the heavy quark limit for the
mass of ΛQ. Up to dim-5 condensate contributions are considered. By comparing with the
experimental results, we find that the leading order results in SVZ sum rules can reach about
5% accuracy both for Λb and Λc, and it seems that better results can be obtained from the
sum rules of the heavy quark limit both for Λb and Λc. We re-check that the SVZ sum rules
in the heavy quark limit coincide with the HQET sum rules. As a byproduct, we also have
an exploratory discussion on the ud diquark in ΛQ.
I. INTRODUCTION
In 2018, the LHCb Collaboration updated the measurement of the lifetime of the charmed
baryon Ω0c [1], which is nearly 4 times larger than the world average in PDG2018 [2]. On the
theoretical side, some attempts have been made to solve this puzzle [3]. However, there is still a
lack of QCD based calculation. Using the SVZ sum rules and following the line sketched in our
previous work [4], we preliminarily obtain the matrix elements of the four-quark operators which
arise from the heavy quark expansion of hadron lifetime. The study on the lifetimes of heavy
baryons will appear in our next few articles.
In most cases, one can only obtain the leading order expressions in the SVZ sum rules, and
this situation is expected to last for a long time in the light of the great challenge from radiation
correction calculation. The leading order results are sensitive to the heavy quark mass, thus, how
to choose the heavy quark mass becomes a problem. In the history of the application of the SVZ
sum rules, there are two different viewpoints on the selection of heavy quark mass. One choice is
the pole mass, and the other is the current mass. These two schemes may lead to very different
results. For the calculation of the decay constant of B meson, as pointed out by Ref. [5], in the
pole mass scheme the first two order corrections do not show any sign of convergence. In this work,
we will have to be content with the leading order calculation, and take the MS mass for heavy
quark. One way to avoid choosing the heavy quark mass is to take the heavy quark limit, under
which, the results will not depend on the heavy quark mass. From Refs. [6, 7], we can see that the
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2heavy quark limit can lead to the HQET sum rules for the case of singly heavy hadron. At this
point, there are still two questions: 1) How good is the leading order approximation in the SVZ
sum rules? 2) How good is the leading power approximation in the heavy quark limit?
The first question is partly answered by Ref. [5], in which the LO result contributes the most
and the NLO and NNLO results show good convergence for decay constant of B meson fB. The
second question is partly answered by Ref. [7], in which, the binding energy of light quarks was
obtained for ΛQ. However, this result was not applied to the charmed baryon Λc, to which, question
2) above is expected to be very important. In this work, we will investigate the masses of heavy
baryons at the leading order and at the leading power, and the corresponding results are then
compared with the experimental values to evaluate how good these approximations are.
The rest of the paper is arranged as follows. In Sect. II, the SVZ sum rules and the heavy quark
limit are shown, including the definition of the interpolating current for ΛQ and the results for the
QCD spectral density. Numerical results are given in Sect. III. A exploratory discussion on the ud
diquark in ΛQ can be found in Sect. IV. We conclude this paper in the last section.
II. THE SVZ SUM RULES AND THE HEAVY QUARK LIMIT
Similar as that in Ref. [8], we will adopt the simplest interpolating current for ΛQ
J =
1√
2
ǫabc(u
T
aCγ5db − dTaCγ5ub)Qc. (1)
More reliable results can be obtained by considering other possible interpolating currents for the
baryon, however, it is not the purpose of this work.
The definition of the two-point correlation function is standard
Π(p) = i
∫
d4x eip·x〈0|T{J(x)J¯ (0)}|0〉. (2)
On the hadronic side, one can insert the complete set of hadronic states, and the correlation
function is then written as
Πhad(p) = λ2+
/p+M+
M2+ − p2
+ λ2−
/p−M−
M2− − p2
+ · · · , (3)
where we have also considered the contribution from the negative parity baryon, M± (λ±) stand
for the masses (the pole residues) of the positive and negative parity baryons. It turns out that it
is trivial to consider the contribution from the negative parity baryon for the present case, but it is
not for the doubly heavy baryon case [9]. The negative-parity contribution was discussed in [10].
On the QCD side, the correlation function can be calculated following standard procedures, and
the result can be formally written as
ΠQCD(p) = A(p2)/p+B(p
2). (4)
3The coefficients A and B can be further written into the form of dispersion relation
A(p2) =
∫
ds
ρA(s)
s− p2 , B(p
2) =
∫
ds
ρB(s)
s− p2 . (5)
The specific expressions of the spectral density ρA and ρB have been obtained in Ref. [8]. For
convenience, we quote these results as follows1
ρA(p2) =
3
64π4
∫ 1
ti
dt t(1− t)2(p2 − m˜2Q)2
+
1
64π2
〈αS
π
GG〉
∫ 1
ti
dt t
− 1
192π2
〈αS
π
GG〉(1 − ti)2, (6)
ρB(p2) =
3mQ
64π4
∫ 1
ti
dt (1− t)2(p2 − m˜2Q)2
+
mQ
64π2
〈αS
π
GG〉
∫ 1
ti
dt
+
mQ
96π2
〈αS
π
GG〉
∫ 1
ti
dt
(1− t)3
t2
− mQ
192π2
〈αS
π
GG〉(1 − ti)2. (7)
Here m˜2Q ≡ m2Q/t, ti ≡ m2Q/p2, and the contributions from dim-3 quark condensate and dim-5
quark-glon mixed condensate vanish.
In the following, we will consider the heavy quark limit of ρA and ρB. In the heavy quark limit,
all the terms of ρA when multiplied by the mass of ΛQ respectively scale as
ω5
20π4
,
ω
32π2
〈αS
π
GG〉, − ω
2
48π2mQ
〈αS
π
GG〉, (8)
where mΛQ = mQ +∆ with ∆ the binding energy of light quarks has been used. All the terms of
ρB respectively scale as
ω5
20π4
,
ω
32π2
〈αS
π
GG〉, ω
4
24π2m3Q
〈αS
π
GG〉, − ω
2
48π2mQ
〈αS
π
GG〉. (9)
It can be seen that, there are many different scales for the gluon condensate contributions. In the
heavy quark limit, mΛQρ
A and ρB are all reduced to
ρ(ω) ≡ ω
5
20π4
+
ω
32π2
〈αS
π
GG〉. (10)
1 Here we have neglected the contribution from 〈q¯q〉2 and a factor of 2 has been considered since our interpolating
current for the baryon is
√
2 times of that in Ref. [8].
4The SVZ sum rules are given by
(M+ +M−)λ2+ exp(−M2+/T 2+) =
∫ s+
m2
Q
ds (M−ρA + ρB) exp(−s/T 2+),
(M+ +M−)λ2− exp(−M2−/T 2−) =
∫ s−
m2
Q
ds (M+ρ
A − ρB) exp(−s/T 2−), (11)
where T 2± are the Borel parameters and s± are the continuum threshold parameters. In the heavy
quark limit, the sum rule is given by
1
2
λ2+ exp(−∆+/E+) =
∫ ω+
0
dω ρ(ω) exp(−ω/E+), (12)
where E+ is the Borel parameter and ω+ is the continuum threshold parameter. Note that the
counterpart for λ− vanishes in the heavy quark limit for the interpolating current defined in Eq.
(1).
Respectively differentiating the first equation of Eqs. (11) with −1/T 2+ and Eq. (12) with
−1/E+, one can arrive at the sum rule
M2+ =
∫ s+
m2
Q
ds (M−ρA + ρB) s exp(−s/T 2+)∫ s+
m2
Q
ds (M−ρA + ρB) exp(−s/T 2+)
(13)
for the mass and the sum rule
∆+ =
∫ ω+
0 dω ρ(ω) ω exp(−ω/E+)∫ ω+
0 dω ρ(ω) exp(−ω/E+)
(14)
for the binding energy. Numerical results will be given in the next section.
III. NUMERICAL RESULTS
We do not intend to give an elaborative determination of baryon mass, but merely give an
estimate of the result from the leading order or the leading power. For our purpose, in the numerical
analysis, we will only consider the centural values for the inputs [2, 11]: mb = 4.18 GeV, mc =
1.27 GeV, 〈αS
pi
GG〉 = 0.012 GeV4.
In the SVZ sum rules, the results for mΛb and mΛc as a function of the Borel parameter T
2
+ are
shown in Fig. 1, where the continuum threshold parameter
√
s+ is chosen as 0.3− 0.5 GeV larger
than the mass of the ground state. For Λb, the Borel window can be chosen as 3 − 4 GeV2, and
then the mass of Λb is determined as
mΛb = 5.4 ± 0.1 GeV. (15)
Compared with the experimental value mΛb = 5.620 GeV [2], we can see a deviation of about 5%,
which would be expected, because here we have only considered the leading order calculation of the
QCD spectral desity. In Ref. [5] which considered the decay constant of B meson, this deviation
5FIG. 1: The masses for Λb and Λc as a function of the Borel parameter T
2
+. The dashed line, the solid line, and
the dotted line respectively correspond to s+ = 5.9
2, 6.02, 6.12 GeV2 for Λb and s+ = 2.6
2, 2.72, 2.82 GeV2
for Λc.
FIG. 2: The binding energy of ΛQ as a function of the Borel parameter E+. The dashed line, the solid line,
and the dotted line respectively correspond to ω+ = 1.1, 1.2, 1.3 GeV.
is about 10%. For Λc, the Borel window can be chosen as 1.0− 1.5 GeV2, and then the mass of Λc
is determined as
mΛc = 2.2± 0.1 GeV. (16)
Compared with the experimental value mΛc = 2.286 GeV [2], we can see a deviation of about 5%.
In the sum rule of the heavy quark limit, the result for the binding energy of ΛQ as a function
of the Borel parameter E+ is shown in Fig. 2, where the continuum threshold parameter ω+ is
chosen as 1.1− 1.3 GeV. The Borel window can be chosen as 0.3− 0.4 GeV, and then the binding
energy of ΛQ is determined as
∆ΛQ = 0.9± 0.1 GeV. (17)
6We can further determine the masses of Λb and Λc as
mΛb = mB −∆B +∆ΛQ ≈ 5.7 GeV,
mΛc = mD −∆D +∆ΛQ ≈ 2.3 GeV, (18)
where the binding energy for B meson ∆B ≈ 0.5 GeV [12] and ∆D ≈ ∆B in the heavy quark limit
have been used.
IV. AN EXPLORATORY DISCUSSION ON THE DIQUARK IN ΛQ
The discussion in this section is exploratory in nature. When constructing the interpolating
current in Eq. (1) for ΛQ, one has considered the u and d quarks as a scalar diquark system. Using
the cutting rule, one can obtain the QCD spectral densities ρA and ρB in Eq. (5) as:
ρA(s) =
3
8π6
∫ (√s−m1)2
0
dm223 m
2
23
s+m21 −m223
2s
π
√
λ(s,m21,m
2
23)
2s
π
2
,
ρB(s) =
3
8π6
∫ (√s−m1)2
0
dm223 m
2
23 m1
π
√
λ(s,m21,m
2
23)
2s
π
2
. (19)
Here we only consider the perturbative contribution, m1 ≡ mQ is the heavy quark mass, m223 is the
invariant mass squared of the ud diquark system, and λ(a, b, c) ≡ a2+ b2+ c2− 2(ab+ bc+ ca). In
the rest of this section, we will only consider the spectral density ρA in Eq. (19), and similar results
can be obtained for ρB . The counterpart of ρA at the hadronic side is proportional to λ2+δ(s−M2+),
where we have only considered the contribution from the positive parity baryon. However, one can
see more information from the QCD spectral density ρA: the invariant mass squared of the ud
diquark shows some kind of distribution. Fixing s = m2Λb , the integrand of ρ
A is plotted in Fig. 3.
It can be seen from Fig. 3 that, the distribution of m223 ranges from 0 to (mΛb − mb)2, and
peaks at about m223 = (1.17 GeV)
2. Some comments are in order.
• The two zeros of the integrand of ρA in Eq. (19) respectively come from the m223 term
and the two-body phase space of the heavy quark and the diquark. Furthermore, the m223
term comes from the inner product of the 4-momenta of u quark and d quark. It would be
expected to contain some information of the diquark.
• In this work, we have neglected the masses of u and d quarks. The most probable mass
indicates that the ud diquark is energetic in the baryon.
V. CONCLUSIONS
In 2018, the LHCb updated the measurement for the lifetime of Ω0c , great deviation has been
found compared with the world average in PDG2018. A solid theoretical calculation is highly
demanded to clarify this matter.
7FIG. 3: The invariant mass spectrum of the ud diquark in Λb. Here ρ
A in Eq. (19) is considered.
The lifetimes of heavy hadrons are usually analyzed using the heavy quark expansion (HQE).
In HQE, the total decay width of heavy hadron is expanded in powers of 1/mQ :
Γ(HQ → f) =
G2Fm
5
Q
192π3
VCKM
(
A0 +
A2
m2Q
+
A3
m3Q
+
A4
m4Q
+O
(
1
m5Q
))
, (20)
where VCKM is the relevant CKM matrix element. As pointed out in Ref. [3], at present, the major
uncertainties come from the matrix elements of the four-quark operators in 1/m3Q term. We have
obtained some preliminary results for these matrix elements using QCD sum rules. However, there
are still some questions we have to answer. Since we can only perform the LO calculation, it is
necessary to evaluate how good the LO approximation is in the SVZ sum rules. It would also be
helpful to explore the heavy quark limit, from which one can gain insight into the contribution of
each condensate. Naturally, we need to evaluate the accuracy of the leading power in the heavy
quark limit. By taking the heavy quark limit of the SVZ sum rules, we arrive at the HQET sum
rules for the singly heavy baryon case. It would be especially valuable to explore this limit for the
doubly heavy baryon case, since in this situation, HQET is not applicable.
Through this study, we find that the LO calculation in the SVZ sum rules can reach about 5%
accuracy for the masses of Λb and Λc, and it seems that better results can be obtained using the
sum rules in the heavy quark limit. For the matrix elements of the four-quark operators in 1/m3Q
term of Eq. (20), it is enough if the LO calculation can reach similar accuracy. As a byproduct,
we also have an exploratory discussion on the ud diquark in ΛQ.
In 2017, the LHCb Collaboration reported the discovery of doubly charmed baryon Ξ++cc , which
has triggered a wide interest in studying the properties of doubly heavy baryons [4, 9, 13–52]. The
SVZ sum rules and/or the heavy quark limit can be performed on the masses, form factors and
lifetimes to get a better understanding of double heavy baryons.
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